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  A basic model of a ribbed finite plate is first considered, with the plate connected to a parallel surface by a nonlinear spring. When individual
ribs are placed under compression, the linearized version of the model predicts eventual exponential growth of the transverse displacement
when the compressional load exceeds the buckling load. The nonlinear spring, however, stops this growth and a subsequent oscillation ensues.
The anatomy of the cicada is, of course, much more complicated, and the basic model is extended to give a mathematical formulation of the
model proposed by Bennet-Clark and Daws (J. Exper. Biol., 1999) for the Cyclochila australasiae (a relatively large species of cicada), with
explicit elasto-mechanical parameters, a principal objective being the computational prediction of the observed far-field waveforms. Possible
explanations are advanced for the anatomical cause of the nonlinear springs. Further extensions of the theory are applied to the development of
mathematical models for species of cicadas (considerably smaller) commonly found in the United States.
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Introduction

This paper is motivated by various speculations and observations reported in the literature as to
how male cicadas generate sounds that are associated with mating calls. There are many different
species of cicadas, but the mechanism for sound generation seems to be the same for all of them.
The mechanism that is mentioned frequently in current literature involves “buckling.” The paper
consequently focuses initially on a possible simplified theory of how buckling can lead to sound
generation. This is a preliminary account of work in progress, and a more fuller account is expected
to be available at the time of the oral presentation of the paper in June, 2013.

Cicadas

A list of all the species and subspecies of cicadas in the United States and Canada can be
found on the internet site, insect singers.com [1], along with recordings of typical songs. Two of
the authors of the present paper were coauthors of a previous paper [2] that reported observations
pertaining to the species Tibicen chloromera (also known as the Tibican tibican), Tibicen lyricen,
Magicicada septendecim, and Magicicada cassini. According to the statements on the site, the
“genus Tibicen contains most of the larger North American species, which are also referred to
as Dog Day Cicadas.” The genus Magicada is one of the “periodical cicada” species, which is
“famous for their synchronous emergences of millions of adults once every 13 or 17 years.” Both
the Magicicada septendecim and Magicada cassini are 17 year species. Sometimes they are referred
to as “17 year locusts,” but the nature of the manner in which insects are classified by biologists
is such that they are not “true locusts.” An extensive discussion of the genus Magicicada can be
found on the internet site magicicada.org [3].

Figure 1: Photo of a maleMagicicada septendecim with the wings removed so as to show the tymbal.
This species has ribbed tymbals located on the sides of the first abdominal segment, immediately
behind the point of attachment of the hindwings. (Taken from the website magicicada.org.)

Origin of buckling theories for cicada sound generation

The large variety of cicada species tends to make the extensive literature somewhat hard to
decipher, especially for those with backgrounds in the engineering sciences and physics, but what
seems to have emerged in more recent years is a largely qualitative theory that the mechanisms
by which male cicadas generate mating calls involve “buckling.” A brief perusal of the literature
suggests that this buckling theory was initiated by Pringle [4] in an epochal paper published in
1954. Pringle refers to many previous works dating back to 1600, in which terms such as “rapid
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clicking” are mentioned. However, Pringle appears to be the first to explicitly mention “buckling.”
His item 3 in his summary at the end includes the statements

A pulse of sound is emitted when the tymbal suddenly buckles or is restored to its
resting position by its natural elasticity; in the song of some species both movements are
effective. The tymbal muscles, which are responsible for the buckling, have a myogenic
rhythm of activity, initiated, but only slightly controlled in frequency, by impulses in
the single nerve fibre supplying each muscle. The two tymbals normally act together.

To readers not previously acquainted with the anatomy of the cicada, two of the terms in
this passage require definitions. The word tymbal is defined in the Merriam-Webster Unabridged
Dictionary as the “vibrating membrane in the shrilling organ of a cicada,” so it is a term invented by
biologists to describe part of the anatomy of cicadas. (See Fig. 1.) The Oxford English Dictionary
defines it as a “membrane (resembling a drumhead) in certain insects, as the cicada, by means
of which a shrill chirping sound is produced.” The OED traces the term back to a 1854 article
by someone named Bushman; the early spelling was apparently tymbale, in analogy with the word
cymbal. The common spelling in some recent literature is timbal. The word myogenic is an adjective
implying ”origination in muscle,” or “taking place in ordered rhythmic fashion because of inherent
properties of cardiac muscle, rather than by reason of specific neural stimuli.” The wordage in
the passage cited above seemingly contradicts the dictionary definition in that it states that this
myogenic rhythm is initiated by impulses in a nerve fibre. But, the principal point to be made here
is that Pringle definitely mentions buckling.

Buckling as a mechanical phenomenon

A number of relevant papers mentioning the buckling mechanism of sound production in cicadas
is cited further below, but at this point the question is raised as to how buckling can create
sound. The answer does not necessarily have anything to do with cicadas, and there may well
be multiple answers. Buckling is a phenomenon having do with mechanics, and is described in
standard dictionaries as “failure (as of a column) when subjected to a compressive stress in excess of
its elastic limit” or “the bending, warping, or kinking under the influence of some external agency.”
The Academic Press Dictionary of Science and Technology defines buckling as “the bending or
abrupt lateral deflection of a column, plate, or similar structure under longitudinal compression
which causes instability of one mode of deformation, bifurcating to another stable mode.” One
can of course quibble with these definitions, but a notable implication of all of them is that they
seemingly have nothing to do with the generation of sound.

Mechanical engineering students typically first encounter the concept of buckling at the tail end
of a college course in the “strength of materials” or the “mechanics of deformable media.” A classic
textbook for such a course, but not commonly used in the current era, is the book, An Introduction
of the Mechanics of Solids, the last edition (1978) [5] having the primary authors: Crandall, Dahl,
and Lardner. The reason this particular text is cited here is because the last chapter, “Stability
of Equilibrium: Buckling” has a number of examples of buckling that have very little to do with
the theory of elasticity, but which instead involve rigid rods and springs. As detailed below, simple
examples of this type are probably appropriate for developing simple prototype models for the
generation of sound by buckling.

Readers who have a mechanics background or who are familiar with this general type of litera-
ture probably are aware that the analysis usually stops with the determination of a mathematical
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expression of a “buckling load” or a “critical load.” Here, however, the analysis is concerned with
the time sequence of what happens after buckling is initiated.

Prototype mechanical system with buckling

The desire at this point is to explicitly display a mechanical system that exhibits buckling and
which also radiates sound. An exact correspondence to the cicada is of lesser importance, although
one may subsequently identify some similar features. One such simple mechanical system is shown
in Fig. 2. A force P with constant direction acts on one end of a rigid rod which is free to rotate
about the other end. For ease of referral, the direction of the force P is said to be in the downward
position, and the nominal position of the rod is said to be aligned with the vertical. The possible
effect of gravity is, of course, ignored, and the direction of any gravitational force is not relevant.
The rod has a moment of inertial Io for rotation about the pin at its lower end. A spring with
spring constant k0 tends to push or pull the rod back toward the vertical position when the rod
rotates away from this position.

Figure 2: Sketch of a mechanical system that will undergo buckling.

When the rod is in the vertical position, the downward force P exerts no torque about the pin.
If however, the rod is moved counterclockwise through a small angle θ, then there is a nonzero
counterclockwise torque equal to PL sin θ, where L is the length of the rod. The spring is stretched
a net length of L sin θ, so it exerts a restoring force of k0L sin θ. This restoring force exerts a
counter-torque of magnitude k0L

2 sin θ. For a general time rate of rotation dθ/dt, the angular
momentum about the pinned end, associated with counter-clockwise rotation, is Iodθ/dt. The
mechanics principle that equates the time derivative of angular momentum to torque then yields

Io
d2θ

dt2
= PL sin θ − k0L

2 sin θ. (1)

It is here assumed that the motion is constrained so that it is a good approximation to replace
sin θ by θ, the angular measure being in radians. With this approximation, the above differential
equation reduces to

Io
d2θ

dt2
+

(
k0L

2 − PL
)
θ = 0. (2)
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The quantity that appears above within parenthesis can be either positive or negative, depending
on whether the downward force P is less than or greater than a critical value (buckling load)

Pcr = koL (3)

To emphasize this dependence one rewrites the above differential equation as

d2θ

dt2
+

L

Io
(Pcr − P ) θ = 0. (4)

If P < Pcr, the motion after any arbitrary initial perturbation is simple harmonic motion with
the general solution

θ = A cos(ωot) +B sin(ωot), (5)

where the “natural vibration frequency” (radians per second) is

ωo =

(
L

Io

)1/2

(Pcr − P )1/2 . (6)

If P > Pcr, the motion after any arbitrary initial perturbation a linear combination of an
exponentially growing term and an exponentially decaying term, so that

θ = Aeαot +Be−αot (7)

where the “natural exponential time-growth coefficient” is

αo =

(
L

Io

)1/2

(P − Pcr)
1/2 (8)

Since, after a sufficient lapse of time, the exponentially growing term will overwhelm the exponen-
tially decaying term, the angular displacement grows without limit until some other effect comes
into play. This is recognized as buckling.

In what follows it is assumed that the applied force P is gradually exerted and that it reach
somers value greater than the buckling load when the buckling actually occurs. Any tiny disturbance
can set off a buckling, but the one parameter which is of most important insofar as the eventual
generation of sound is the parameter αo. With reference to a possible correspondence to the cicada,
in which the buckling occurs at regular intervals, it is assumed that the value of αo is very nearly
the same in each occurrence, so it can be regarded as a constant parameter of the system.

Buckling motion arrested by a resonator system

The extension of the simple model introduced in the previous section to include the production
of sound continues with the assumption of a spring with a free end that is to the left of the rod and
which the upper end of the rod impacts when the angle θ reaches the arresting angle θar. (See Fig.
3.) This arresting spring, with spring constant k1 has its left end connected to a mass of magnitude
M , which on its other side is connected to a rigid wall by a spring with spring constant k2.

The impact of the rod with the arresting spring is a “soft impact,” and no mass is assumed to be
present at the right end of this spring. Thus, the velocity of the end of the rod will be continuous.
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Figure 3: Sketch of a hypothetical mechanical system which arrests the motion of a buckling system
and which results in a vibration with a consequential radiation of sound.

Given that the initial disturbance before the buckling motion was small and that the exponentially
dying term has died out, the velocity at impact is

Vo = Lαoθar, (9)

where the subscript “ar” is an abbreviation for “arrest.”
The impact force indicated in the figure can be depicted either as the force associated with the

compression of spring k1 or as the force that is arresting the motion of the rod that is in the process
of buckling. Thus one writes

Fimp = k1 (x1 − x2) , (10)

Io
d2θ

dt2
+

(
k0L

2 − PL
)
θ = −FimpL. (11)

As long as the rod is in contact with the spring, geometrical compatibility requires

x1 = L (θ − θar) , (12)

so that the above differential equation is equivalently written as

Io
L2

d2x1
dt2

+

(
ko − P

L

)
(x1 + Lθar) + k1 (x1 − x2) = 0. (13)

If and whenever the rod loses contact with the spring the contact force is zero and the last term in
the above equation is deleted.

The equation of motion for the mass M , in accord with the choice symbols in Fig. 3, can be
written as

M
d2x2
dt2

+ k2x2 + k1 (x2 − x1) = −Frad (14)

where Frad is the force exerted by the surrounding medium that is associated with the radiation of
sound. This force, as is discussed further below, can be somewhat complicated. It is small, but it
has an important accumulative effect.
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For the present analysis, the time origin is taken to be the instant of impact, so the initial
conditions are

x1 = 0;
dx1
dt

= V0 at t = 0. (15)

The initial values of the coordinate x2 and its time derivative are also both zero. Also, to circumvent
some mathematical complexity it is assumed that the spring constant k1 is sufficient large that the
mass x2 and x1 are approximately the same shortly after the initial impact. The accelerations and
decelerations will be temporarily very large, and a derivable conservation of momentum principle
approximately holds such that the velocities of both the mass M and the end of the rod will be

Vbegin =
(Io/L

2)

M + (Io/L2)
Vo (16)

[The process of colliding through a spring is a little more complicated than described here, but the
considered approximate viewpoint that the two move together for a short while is sufficient for an
initial analysis. It is intended that, in a subsequent analysis, this assumption will be revisited and
possibly revised.]

The initial energy in the spring-mass system, with M being the mass and k2 being the spring,is
consequently

Ebegin =
1

2

M(Io/L
2)2

[M + (Io/L2)]2
V 2
o (17)

This energy is tentatively regarded as the total energy that will be radiated out as a sound pulse.
If M were to be selected so that this energy is a maximum, then the choice is

Mopt =
Io
L2

(18)

and this leads to a beginning velocity of Vo/2 and a beginning energy of

Ebegin =
1

2
Mopt(Vo/2)

2 (19)

Here the analysis is intended for a system which nature has endowed with an exceedingly efficient
ability to generate very loud sounds, so the mass M is here assumed to be Mopt.

Let one also assume that the ultimate cause of the exerting of the downward force P withdraws
this force immediately after the collision occurs, and that almost immediately afterwards the end
of the rod tends to move slower than the mass M , with the apring ko retarding its forward motion.
When this happens, the spring k1 relaxes to its equilibrium length and ceases to affect the motion
of the mass M . Then the motion of the mass M is governed by the differential equation

M
d2x22
dt2

+ k2x2 = −Frad. (20)

The time origin can now be reset to the time at which the mass M has separated from the end of
the rod, and it is also assumed that the motion, for all intents and purposes, begins with x2 = 0.
The radiation force is presumed small. Given that the mass M corresponds to a circular piston of
radius a in a rigid baffle, with the radiated sound having a wavelength considerably than a, this
force consisted of an inertial force, associated with some mass of entrained air, and a radiative
damping force. Only the latter has a long term accumulative effect, so one can ignore the entrained
mass and set [6]

Frad ≈ −ρπa4

2c

d3x2
dt3

, (21)
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where ρ is the density of air and c is the sound speed. This approximate expression is assumed to
hold only when the mass is undergoing nearly periodic motion with a nearly constant frequency.
Its effect on the solution of the differential equation is that it takes the form of a pulse with of
nearly constant frequency with an envelope that decays exponentially with time.

Thus one writes

x2 =

(
Vbegin

ωvib

)
G(t) sin(ωvibt). (22)

where

ωvib =

(
k2
M

)1/2

. (23)

The function G(t) is 0 for t < 0 and immediately after t = 0 has the value of unity. For later times
it decays exponentially with a decay constant αrad, so that

G(t) = e−αradtH(t), (24)

where H(t) is the Heaviside unit step function. The initial constant is constructed so that the initial
velocity, dx2/dt at t = 0, is Vbegin. The decay constant can be readily derived in an approximate
form from the equations given above and given that the decay per period is small. (The derivation
is omitted here in the interest of brevity.)

Radiation of sound by the vibrating system

It is here assumed, for simplicity of analysis, that the mass M functions as a baffled loudspeaker,
or as a rigid piston vibrating in a rigid baffle. The dimensions of the loudspeaker plate are taken
to be sufficiently small compared to a wavelength, so that the radiated far-field acoustic pressure
can be approximated by [6]

p = −ωvibVbegin
ρA

2πr
G

(
t− r

c

)
sin

[
ωvib

(
t− r

c

)]
(25)

Here A is the area of the side of the mass M that interfaces with the external medium, ρ is the
density of air, c is the sound speed, and r is the radial distance.

The short-term time-averaged power carried by this wave is

Prad =
ω2
vibρA

2

4πc
V 2
beginG

2(t) (26)

where here the time t corresponds to the time the energy left the vibrating surface. The total
energy carried away by the radiated wave is the time integral of the above, which is

Erad =
1

2αrad

ω2
vibρA

2

4πc
V 2
begin (27)

Tentative identification of parameters

Representative recent literature, especially the papers by Young and Bennet-Clark [7], Bennet-
Clark and Daws [8], Bennet-Clark [9], and Bennet-Clark and Young [10] give extensive data on
radiation of sound by larger cicadas, and from the various number reported, one can work back and
estimate the order of magnitude of the parameters enter into the above theoretical formulation.
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An early paper by Bennet-Clark and Young [11] indicates that the wavelength of the radiated
sound is nearly directly proportional to the over length of the cicada, so large cicadas radiate lower
frequencies than smaller cicadas. That resonance is important in the process is discussed in some
detail in a 1999 paper by Bennet-Clark [12]. A mechanical theory with an foundations in theoretical
acoustics was given in 1978, by Fletcher and Hill [13], although buckling is not discussed in this
paper.
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